
Abstract

In the transfer operator approach to Selberg’s zeta function for a sub-
group Γ of finite index in PSL(2, Z) and character χ the space F (s; Γ;χ) of

eigenfunctions of the transfer operator LΓ,χ
s for the eigenvalue 1 with certain

asymptotics at zero is in bijection with the space S(s; Γ, χ) of Maass cusp
forms of Γ and χ respectively the space S(s; Γ;χ) of period functions of
Lewis and Zagier. Selberg’s zeta function Z(s; Γ;χ) gets thereby expressed

in terms of the Fredholm determinant of L
Γ,χ
s . We extend this approach

to the case χ an arbitrary unitary representation of Γ. We show that also
the symmetries of the transfer operator with unitary representation can be
related to the automorphisms of the corresponding Maass cusp forms.

According to the Jacquet-Langlands correspondence the space S(s;On)
of Maass cusp forms for On, the unit group of an indefinite quaternion devi-
sion algebra of discriminant n, is in bijection with the space Snew(s; Γ0(n)) of
new forms for the Hecke congruence group Γ0(n), when n is square free and
a product of an even number of primes. The expectation, that the restric-
tion of the transfer operator to the corresponding subspace Fnew(s; Γ0(n))
of the eigenfunctions, coincides with this operator corresponding to one of
the irreducible components of UΓ0(n) is not true as we show in the case Γ0(6).

By a result of Millington, the representation UΓ0(n) of PSL(2, Z) appear-

ing in the transfer operator L
Γ0(n)
s and induced from the trivial represen-

tation of Γ0(n), can be identified with a permutation representation of the
finite group Q(n) = PSL(2, Z)/H(n) with H(n) = kerUΓ0(n). By applying
results of the theory of finite groups it follows that for coprime n and m,
UΓ0(nm) = UΓ0(n) ⊗UΓ0(m) and for p prime UΓ0(p)

∼= Ut ⊕Up where Ut is the
trivial 1-dim. representation and Up is a certain p-dimensional irreducible
representation of PSL(2, Z). This leads to a decomposition of the transfer
operator and the space of its eigenfunctions. In the special case n = 6 the
representation UΓ0(6) contains the irreducible representation U2 ⊗U3, which
characterizes a subspace of F (s; Γ0(6)) describing a mixture of old and new
eigenfunctions including the space Fnew(s; Γ0(6)). In the case of the princi-
pal congruence subgroup Γ(2) the induced representation UΓ(2) on the other
hand contains a 1-dim. subrepresentation Usgn characterizing exactly the
space Fnew(s; Γ(2)).

Finally it is proved, that a character χ on Γ is congruence iff the repre-

sentation ρχ of PSL(2, Z) induced from χ is congruence. Applying this to

the representation ρχα
induced from Selberg’s family of characters χα, for

Γ0(4), yields besides the α-values for which χα is congruence, also certain

non-congruence subgroups to which Zograf’s criterion can not be applied.
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